Background {#Sec1}
==========

Genomic models that incorporate dense genotype information are increasingly being used and studied to infer variance parameters \[[@CR1]--[@CR4]\]. We define a genomic model as any linear mixed model (LMM) that links a phenotype to multiple genotypes without knowledge of those that are associated with the phenotype. We refer to a general set of genotypes as single nucleotide polymorphisms (SNPs) and to the set of genotypes associated with the phenotype as quantitative trait loci (QTL). The variance parameters of the LMM can be inferred using restricted maximum likelihood (REML) \[[@CR5]\], which produces consistent, asymptotically normal estimators of variance components, even if normality does not hold and the number of QTL increases dramatically, tending to infinity \[[@CR6]\]. These asymptotic properties of the REML estimators are not guaranteed to hold when the likelihood of the genomic model used for inference differs substantially from the likelihood of the true model that conceptually generated the data. In such a situation, the likelihood is said to be misspecified. In a Gaussian setup, given the fixed effects, this will be the case when the covariance structures of the data specified by the genomic and the true models differ.Fig. 1Simulation results for scenarios 1 and 2, consisting of one generation of completely unrelated individuals, with QTL and markers in complete linkage equilibrium (LE), for both $\documentclass[12pt]{minimal}
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REML was first implemented with a genomic model in \[[@CR1]\], where the focus of inference was the proportion of the variance of a quantitative trait explained by the LMM, including all genotyped SNPs simultaneously. In more recent years, concerns have been raised about the quality of the inferred variance parameters when genomic models are used without directly addressing the problem of likelihood misspecification. Speed et al. \[[@CR4]\] argued that uneven linkage disequilibrium (LD) between SNPs can lead to upward or downward bias of variance parameters estimators. The consequences of using $\documentclass[12pt]{minimal}
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The problem of misspecification of the likelihood of the genomic model was first raised by \[[@CR11]\] and was studied using simulation by \[[@CR12]\]. However, in \[[@CR12]\] the authors addressed the problem by redefining the variance parameters according to the genomic models. In our work, we compare the variance parameters estimators to the parameters defined by the true model, as previously studied by \[[@CR13]\]. The assumptions posed by \[[@CR13]\] on the true model, however, differ substantially from those posed by our study, which can lead to different conclusions. Jiang et al. \[[@CR13]\] assumed that the number of QTL associated with a phenotype are large enough to be considered infinite, an assumption which we consider rather unrealistic, and therefore our study assumes that the number of QTL is finite, although possibly very large.

This work provides a theoretical analysis based on splitting the likelihood equations into components, isolating those that contribute to incorrect inferences. We describe a true model that associates a phenotype with QTL, and we use its likelihood as a basis for comparison with the likelihood of the genomic models. This theory was used to understand the potential bias of REML estimators of variance components under different scenarios, each with different assumptions on the true model, that are of interest in quantitative genetics studies.Table 1Relationship between $\documentclass[12pt]{minimal}
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True and genomic models {#Sec3}
-----------------------
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Variance components and REML estimation {#Sec4}
---------------------------------------

The covariance structure specified by the true and genomic models are $\documentclass[12pt]{minimal}
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Genomic models for scenarios of interest in quantitative genetics {#Sec5}
-----------------------------------------------------------------

We evaluated genomic models for SNP data consisting of QTL and markers that can be either uncorrelated or correlated, considering two configurations: (i) QTL plus markers and (ii) markers only. The covariance structure specified by these configurations, as well as their eigen-decomposition are denoted respectively by $\documentclass[12pt]{minimal}
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We used simulations to support the theoretical analysis of the REML estimators of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {h}^{2}=0.05,0.15,\ldots ,0.95$$\end{document}$. 20,000 SNPs were simulated and for each scenario we estimated the heritability for 500 replicates that assigned 100 SNPs as QTL, and for 500 replicates that assigned 3000 SNPs as QTL. The algorithms used for the simulations can be found in appendices G to J. For each scenario, the heritability was estimated using the true model (QTL only), and two genomic models, one containing the QTL plus the markers, and one containing the markers only.

Results {#Sec6}
=======

Conditions for unbiased or biased REML estimators {#Sec7}
-------------------------------------------------
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### Unbiased estimators {#Sec8}
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### Biased estimators {#Sec9}
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Genomic models for scenarios of interest in quantitative genetics {#Sec10}
-----------------------------------------------------------------

### QTL uncorrelated to markers {#Sec11}

In "Appendix [5](#Sec20){ref-type="sec"}", we show that for genomic models that include the QTL plus markers, in which markers are uncorrelated to the QTL,$$\documentclass[12pt]{minimal}
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We also show in "Appendix [5](#Sec20){ref-type="sec"}" that for genomic models that include markers only,$$\documentclass[12pt]{minimal}
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### QTL correlated to markers {#Sec12}

In "Appendix [6](#Sec23){ref-type="sec"}", we show that for genomic models that include the QTL plus markers, in which markers are correlated to the QTL,$$\documentclass[12pt]{minimal}
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### Simulations {#Sec13}

Table [1](#Tab1){ref-type="table"} summarizes what is expected regarding the estimation of the heritability for a set of scenarios that are relevant in quantitative genetics studies, based on the theory detailed in the section Conditions for unbiased REML estimators. The REML estimation of $\documentclass[12pt]{minimal}
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Figure [1](#Fig1){ref-type="fig"} presents the simulation results for scenarios 1 and 2, Fig. [2](#Fig2){ref-type="fig"} presents the simulation results for scenarios 3, 4 and 5, and Fig. [3](#Fig3){ref-type="fig"} presents the simulation results for scenarios 6, 7 and 8. All three figures show the results for simulations that assigned 3000 SNPs as QTL. The results for the simulations that assigned 100 SNPs as QTL differed from those presented in Figs. [1](#Fig1){ref-type="fig"}, [2](#Fig2){ref-type="fig"} and [3](#Fig3){ref-type="fig"} only by a larger variance around the same means. In all three figures, panel (a) shows the relationship between $\documentclass[12pt]{minimal}
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Discussion {#Sec14}
==========

We have performed a theoretical analysis of the likelihood equations of genomic models based on splitting these equations into components in order to isolate and identify those that contribute to incorrect inferences. We have shown that the term in the likelihood equations that is responsible for producing potentially biased heritability estimators ($\documentclass[12pt]{minimal}
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With the knowledge that the method proposed by Yang et al. \[[@CR1]\] may yield a biased $\documentclass[12pt]{minimal}
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A fourth approach considers the situation where prior genomic feature information is absent and Bayesian mixture models, such as BayesB \[[@CR22]\] or BayesR \[[@CR23]\], are reasonable solutions for assigning different distributions to groups of SNP effects \[[@CR20]\]. Again, non-observable REML equations for each component can be used to evaluate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\hbox {h}}^{2}_{\mathrm{gen}}$$\end{document}$ based on the assumptions posed by the Bayesian mixture models, and the assumptions can be tuned using the information from our suggested theoretical analysis.

A fifth approach includes related individuals to study populations, which can greatly reduce the bias of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\hbox {h}}^{2}_{\mathrm{gen}}$$\end{document}$, when it exists. This is because rare QTL induce genetic relationships between individuals. In populations of nominally unrelated individuals the common markers will disguise those induced genetic relationships at the QTL ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{\mathrm{m}\rightarrow \infty }\mathbf{G }_{\mathrm{QM}}=\mathbf{A }=\mathbf{I }_{\mathrm{n}}\ne \mathbf{G }_{\mathrm{Q}}$$\end{document}$), drastically reducing the correlations between eigen-vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(1/\hbox {n})\mathbf{U }_{\mathrm{i}}'\mathbf{U }_{\mathrm{Qk}}$$\end{document}$ and resulting in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _{\mathrm{i}} < \lambda _{\mathrm{i}}$$\end{document}$. Conversely, in populations of related individuals, assuming no selection, the induced genetic relationships at the QTL will better reflect the kinship matrix ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{G }_{\mathrm{Q}}\approx \mathbf{A }$$\end{document}$), improving the correlation between eigen-vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(1/\mathrm{n})\mathbf{U }_{\mathrm{i}}'\mathbf{U }_{\mathrm{Qk}}$$\end{document}$ and resulting in less biased $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\hbox {h}}^{2}_{\mathrm{gen}}$$\end{document}$.

A last point to be raised in this discussion, concerns the direction of the bias of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\hbox {h}}^{2}_{\mathrm{gen}}$$\end{document}$. We show in the section Genomic models for scenarios of interest in quantitative genetics, with our theoretical analysis, that when we consider a single genomic component in the model to estimate heritability (assuming SNP effects are all *i.i.d.*), when it exists, the bias of the estimator will tend to be downward. An exception is observed when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {f}_{\mathrm{MAF}_{_{\mathrm{QTL}}}} \ne \hbox {f}_{\mathrm{MAF}_{_{\mathrm{markers}}}}$$\end{document}$ and the number of QTL is smaller than the number of individuals. If genomic models are fitted including the QTL and markers, such that the total number of SNPs in the genomic data is smaller than the number of individuals, the heritability estimator will present an upwards bias. This fact is related to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {rank}(\mathbf{G }_{\mathrm{QM}})<\hbox {n}-1$$\end{document}$, as eigen-values that are zero are overestimated by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _{\mathrm{i}}$$\end{document}$. Increasing the number of markers will make $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {rank}(\mathbf{G }_{\mathrm{QM}})$$\end{document}$ approach $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {n}-1$$\end{document}$, forcing only the last eigen-value to zero and the overestimation will no longer be present (see Additional file [7](#MOESM7){ref-type="media"}).

When multiple genomic components are considered in the model, overestimation of heritability may be observed even when the total number of SNPs is larger than the number of individuals. When different variance parameters are estimated for each component, the multiple components approach is explicit, and overestimation of heritability will relate to components with a rank lower than $\documentclass[12pt]{minimal}
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Conclusions {#Sec15}
===========

In a Gaussian setup, the likelihood of a genomic model is misspecified with respect to that of the true model that conceptually generated the data. When used for inferring variance parameters the misspecified likelihood may yield biased estimators of those parameters, and inferences must be interpreted with caution. Misspecification of the likelihood is due to the difference between the covariance structures of the data specified by the misspecified and true models ($\documentclass[12pt]{minimal}
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Appendix 1: REML equation to REML function {#Sec16}
==========================================
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Appendix 3: Non-observable REML function {#Sec18}
========================================

When we use the result from ([27](#Equ27){ref-type=""}) into the REML function ([24](#Equ24){ref-type=""}), we obtain the following:$$\documentclass[12pt]{minimal}
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Appendix 4: Summations as deviations from the A-matrix {#Sec19}
======================================================
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Appendix 5: QTL and markers in complete linkage equilibrium {#Sec20}
===========================================================

E.1 QTL + markers {#Sec21}
-----------------
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E.2 Markers only {#Sec22}
----------------
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Appendix 6: QTL and markers in linkage disequilibrium {#Sec23}
=====================================================

F.1 QTL + markers {#Sec24}
-----------------
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F.2 Markers only {#Sec25}
----------------

When we use the genomic model containing the markers only, from Eq. ([38](#Equ38){ref-type=""}) it is straightforward that:$$\documentclass[12pt]{minimal}
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Appendix 7: Algorithm used to simulate genotype data {#Sec26}
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Appendix 8: Algorithm used to simulate correlated SNP data {#Sec27}
==========================================================
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Appendix 9: Algorithm used to simulate phenotype data {#Sec28}
=====================================================
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Appendix 10: Correlation structure between the SNPs {#Sec29}
===================================================
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